INTRODUCTION
PI/PID controller has been widely used in many industrial fields which include chemical process, manufacturing process, rolling process, transportation process, flight process, paper making process, and so on. Different tuning methods of PI/ PID controller had been developed in the past few decades. In [6] [7] [8] , empirical methods such as the Ziegler-Nichols (Z-N) method, Tyreus-Luyben (T-L) method, and Cohen-Coon (C-C) method until now are used to design PI/PID controller. In [9] , a method is proposed to design optimal PI/PID controller via linear quadratic regulator (LQR) method. In [10] [11] , a design method is used to develop optimal PI controller via solving the non-convex constraint optimization problem. In [12] [13] , a design method of robust optimal PI/PID controller is proposed for different processes by optimization algorithm in frequency and time domain. In [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] , nonlinear optimization method is used to design optimal PI/PID controller and its robust optimal controller. Design methods of PI/PID controller in [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] do not consider dead-zone link or dead-zone characteristic, thus most of the control systems in [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] are the linear systems.
Each devices or elements of control systems has insensitive region, such as sensor unit, amplifier unit, and actuator unit has the insensitive region, thus dead-zone link brings into the feedback system. The PI/ PID controller will be faced deadzone link in actual control system. Thus, dead-zone link is inevitable in actual industrial processes. Therefore, actual control systems can not be considered as purely linear system, and they should be seen as nonlinear system in some degree. Inspiring by references [18] [19] [20] [21] [22] [23] [24] [25] , a systematic design method of optimal PI controller with dead-zone link is presented for the feedback system which contains the low-order processes with time delay. Feedback system is equivalently transformed into the LSS or ASS. Nonlinear optimal control problem can be equivalently transformed into NLCO problem via the CLF theorem and Lyapunov theorems. Thus, optimal PI controller parameters are obtained by solving a NLCO problem. This paper is arranged as follows: In section.2, preliminary and nonlinear optimal control problem statements are introduced. In section.3, optimal design procedures for second order plus time delay (SOPTD) processes are presented. In section.4, optimal PI controllers and simulation results are presented, and gain slope's effects on system performances are studied. In section.5, some conclusions are made.
PRELIMINARY AND OPTIMAL CONTROL PROBLEM

STATEMENTS
Preliminary:
The following common Lyapunov functions theorem and Lyapunov theorems are used to design optimal PI controller for feedback systems with dead-zone link. Common Lyapunov Functions Theorem [1] [2] [3] : for the any linear switch system , and then sufficient and necessary conditions for holding asymptotical stable (belong to stable linear switch system H s ) under arbitrary given switch signal are that: for all the subsystem of linear switch system has identical common Lyapunov function, and that is to say, following relationships should be satisfied: Measurement unit, amplifier unit, and actuator unit of the control system have insensitive regions, therefore sensors or actuators naturally appear the dead-zone links or dead-zone characteristics in some degree. However measurement unit, amplifier unit, and actuator unit is critical devices for the actual feedback system. Therefore, the dead-zone links and dead-zone characteristics will appear in actual control systems, and they are difficult to avoid. PI/PID controller is widely used in many various industrial processes, where PI/PID controllers need to overcome the effects of the dead-zone characteristic. PI/PID controller design methods in [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] do not consider the deadzone link. However, this paper presents a design method of optimal PI controller with the dead-zone link for the low-order processes with time delay. The feedback system in Fig.1 shows that optimal PI controller with dead-zone link will affect the system response and dynamic performances of the low-order processes with time delay. Feedback system is already not the linear system, which becomes a standard nonlinear system. Therefore, the optimal control problem of PI controller with dead-zone link for low-order processes with time delay can be expressed as: (1) optimal PI controller with the dead-zone link minimizes the performance index; (2) optimal PI controller with dead-zone link can stabilize the control system. Fig.1 : optimal PI controller with dead-zone link for low-order process with time delay
OPTIMAL CONTROLLER DESIGN PROCEDURES
Without losing the generality, a general low-order process with time delay is presented to illustrate proposed method's optimal PI controller design procedures. Then, the closed-loop system can be described by following equations 
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Similarly, control error and system output of feedback system in the case.3 can be obtained as
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For the case.3, the control signal or controller output is zero, and the control error is equal to the command signal. Thus, the following signal relationships can be obtained (16) case.3:
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The error differential equation can be further simplified with the relationships 
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LSS and ASS are the nonlinear control system, therefore the proposed optimal control problem is essential a nonlinear optimal control problem. Constraint optimal control problem is finally equivalently transformed into the issue that: to obtain the optimal PI controller, it pursues a suitable positive definite matrix P and Q, which makes performance index J minimized. The initial state x(0)=x 0 is a non-zero vector. Then, optimal PI controller can be obtained by solving the NLCO problem (27) which could be solved by different optimization methods. The optimization methods or toolbox in [26] [27] [28] [29] [30] [31] such as Newton method, conjugate gradient method, interior point method, genetic method, and particle swarm optimization method are well established to solve NLCO problem. Therefore, optimal PI controller with the dead-zone link for low-order processes with time delay of feedback system can be obtained as 
SIMULATION RESULTS
The proposed method is used to design optimal PI controller with dead-zone link for low-order processes with time delay. Two second order plus time delay (SOPTD) processes are obtained from the modified examples in [4] [5] In Table. 1, optimal PI controllers with dead-zone link are presented for SOPTD process.1 and process.2. The optimal PI controllers with dead-zone characteristic under various deadzone threshold and gain slope k are shown in Table. 1. The control weight matrix Q, dead-zone threshold and gain slope k will affect system response and dynamic performances of feedback control system.
For SOPTD process.1-2, the effects of the gain slope k on dynamic performances and system step response are studied, which is shown in Fig.2-3 respectively. The step response and control error in Fig.2-3 obviously show that system response and dynamic performances of SOPTD process.1-2 are affected by the gain slope k. For SOPTD process.1-2, increasing gain slope does not increase control system's response velocity, and rise time, delay time, and setting time of control system nearly do not change, sometimes does not appear overshoot. When the gain slope is increased to a certain extent, then the control system's response velocity will be changed a lot. On the contrary, for SOPTD process.1-2, reducing gain slope k does not reduce control system's response velocity, and does not increase and change the rise time, delay time, and setting time of feedback control system, sometime does not appear the overshoot.
Step response results of the various tuning methods' PI controller for SOPTD process.1-2 with the dead-zone link are shown in the Fig.4-5 respectively. For SOPTD process.1, T-L method shows poor system performances, Z-N method and proposed method show smoothly response behavior with small setting time 33.98 sec and 36.10 sec respectively, T-L method show the slowest response velocity with the biggest setting 128.31sec. Then the proposed method and Z-N method show good comprehensive performances with smoothly response and suitable delay time and rise time. For SOPTD process.2, the proposed method and Z-N method show good system performances, but the T-L method shows the slowest response velocity. The proposed method shows smooth response curve without any overshoot. Z-N method shows smallest delay time, rise time, and setting time without overshoot. Simulation results obviously show the effectiveness and usefulness of the proposed method. 
CONCLUSION
In this paper, a design method of optimal PI controller with dead-zone link is presented for low-order processes with time delay of the feedback control system. Feedback system is equivalently transformed into LSS or ASS. Then the nonlinear constraint optimal control problem is transformed into NLCO problem via the CLF theorem and Lyapunov theorems. Thus, optimal PI controller with dead-zone link can be obtained by solving the NLCO problem. System response and dynamic performances of SOPTD process.1-2 are affected by the gain slope k. The gain slope's effects on system performances are studied. For SOPTD process.1-2, increasing gain slope does not increase control system's response velocity, and rise time, delay time, and setting time of control system nearly do not change, sometimes does not appear overshoot. When the gain slope is increased to a certain extent, then the control system's response velocity will be changed a lot. On the contrary, for SOPTD process.1-2, reducing gain slope k does not reduce control system's response velocity, and does not increase and change the rise time, delay time, and setting time of feedback control system, even sometime does not appear the overshoot. 
